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Let Σ be a finite X-symmetric graph of valency b˜ ≥ 2, and s ≥ 1 an integer. In this
article we give a sufficient and necessary condition for the existence of a class of finite
imprimitive (X, s)-arc-transitive graphswhich have a quotient isomorphic toΣ and are not
multicovers of that quotient, together with a combinatorial method, called the double-star
graph construction, for constructing such graphs. Moreover, for any X-symmetric graph Γ
admitting a nontrivial X-invariant partition B such that Γ is not a multicover of ΓB , we
show that there exists a sequence ofm+ 1 X-invariant partitions
B = B0,B1, . . . ,Bm
of V (Γ ), wherem ≥ 1 is an integer, such thatBi is a proper refinement ofBi−1, ΓBi is not
a multicover of ΓBi−1 and ΓBi can be reconstructed from ΓBi−1 by the double-star graph
construction, for i = 1, 2, . . . ,m, and that either Γ ∼= ΓBm or Γ is a multicover of ΓBm .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let Γ be a finite nonempty graph and s ≥ 1 an integer. A sequence of s + 1 vertices of Γ is called an s-arc if any two
consecutive terms are adjacent and any three consecutive terms are distinct. A 1-arc is also called an arc for short. Denote
by Arcs(Γ ) the set of s-arcs of Γ . A finite group X acting on the vertices of Γ is said to preserve the structure of Γ if two
vertices of Γ are adjacent if and only if their images under any element of X are adjacent. If in addition X is transitive on the
set of vertices and transitive on the set of s-arcs of Γ , then Γ is called (X, s)-arc-transitive. An (X, 1)-arc-transitive graph Γ
is also called an X-symmetric graph.
Let Γ be a finite X-symmetric graph andB a partition of V (Γ ).B is said to be X-invariant if Bx ∈ B for any B ∈ B and
x ∈ X , where Bx := {σ x|σ ∈ B}.B is called nontrivial if there exists some B ∈ B such that 1 < |B| < |V (Γ )|.
A finite X-symmetric graph Γ is imprimitive if its vertex set admits a nontrivial X-invariant partition B; otherwise it is
called primitive. In the imprimitive case, the quotient graph with respect to B is defined to have vertex set B in which two
blocks are adjacent if and only if there exists at least one edge of Γ between them. In this article we always assume that ΓB
is nonempty, that is, the valency b of ΓB is a positive integer. In this situation, ΓB is X-symmetric and all blocks of B are
independent sets of Γ (see [1]).
LetB be an X-invariant partition of V (Γ ). For any vertex σ of Γ , denote by Γ (σ ) the set of neighbors of σ in Γ , by ΓB(B)
the neighbors of B in ΓB , and by ΓB(σ ) the set of blocks ofB containing at least one neighbor of σ in Γ . Let b := val(ΓB),
r := |ΓB(σ )|. Then b ≥ r ≥ 1. For any block B ofB, denote by v the number of vertices in B, and by Γ (B) the set of vertices
of Γ having at least one neighbor in B. For any block C in ΓB(B), denote by Γ [B, C] the bipartite subgraph of Γ induced
by (B ∩ Γ (C)) ∪ (C ∩ Γ (B)). Since Γ is X-symmetric, Γ [B, C] is XB∪C -symmetric and is independent of the choice of the
adjacent blocks B, C ofB up to isomorphism. Let d ≥ 1 be the valency of Γ [B, C] and k := |B∩Γ (C)|. Then v ≥ k ≥ d ≥ 1.
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Again as Γ is X-symmetric, the quintuple p(Γ , X,B) := (v, k, r, b, d) is independent of the choice of σ ∈ V (Γ ), B ∈ B
and C ∈ ΓB(B). Further assume that B is nontrivial. Then as vr = bk, either v = k ≥ 2 and r = b ≥ 1, or v > k ≥ 1 and
b > r ≥ 1. We say Γ is or is not a multicover of ΓB respectively in these cases. The second case happens if and only if the
subgraph of Γ induced by vertices from B and C is nonempty and contains at least one isolated vertex.
Over the past few decades, finite primitive symmetric graphs have been studied extensively, and several classification
results have been achieved based on the O’Nan–Scott theorem [7] and the classification of finite simple groups. In contrast,
there are not so many powerful algebraic tools available for dealing with imprimitive symmetric graphs. In general, any
imprimitive symmetric graph Γ has a primitive or bi-primitive quotient graph and hence the study of the former can be
reduced to that of the latter. However, a lot of important information about Γ is lost during this reduction. Therefore it is
difficult to characterize and reconstruct an imprimitive graph from its quotient graphs.
In [2], Gardiner and Praeger proposed an approach to the study of the imprimitive graph Γ via investigating the design
with point set B and block set {B ∩ Γ (D)|D ∈ ΓB(B)}. In [9], Li, Praeger and Zhou showed that for any finite X-symmetric
graph Γ having a nontrivial X-invariant partitionB with k = v − 1, if the quotient graph ΓB is (X, 2)-arc-transitive, then
Γ can be reconstructed from ΓB by the 3-arc graph construction. These work motivated quite a few interesting results
about the structure and construction of imprimitive symmetric graphs, especially those which are not multicovers of their
quotient graphs [3,11–14].
LetΣ be a finite X-symmetric graph of valency no less than two. In connection with the methods and results above, this
paper aims to answer the following three questions to some extent:
(Q1) When does there exist a finite (X, s)-arc-transitive graph Γ that has a quotient graph isomorphic toΣ but Γ is not a
multicover of that quotient?
(Q2) If such a Γ exists, what information of Γ can be obtained fromΣ?
(Q3) How to construct such a Γ ?
To answer these questions, we will analyze a certain kind of ‘local’ structures of Σ . This structure, called a star, is a set
of l-arcs starting from the same first vertex ofΣ , where l ≥ 1 is an integer. The stars will be used to construct imprimitive
symmetric graphs from given symmetric graphs in Construction 3.1.
2. Main result
LetΣ be a finite X-symmetric graph of valency b˜ ≥ 1 and l ≥ 1 an integer. For an l-arc = (σ , σ1, . . . , σl) ofΣ and a
positive integer i ≤ l, let
(i) := (σ , σ1, . . . , σi).
For any set S of l-arcs ofΣ , let
S(i) := { (i)| ∈ S}.
Let S be a set of l-arcs ofΣ starting from the same first vertex σ . S is said to be an (r˜, l)-star ofΣ , where r˜ ≤ b˜ is a positive
integer, if |S(1)| = r˜ and for every integer iwith 2 ≤ i ≤ l and any (i− 1)-arc (σ , σ1, . . . , σi−1) of S(i− 1), there are exactly
r˜−1 different vertices σ 1i , σ 2i , . . . , σ r˜−1i ofΣ(σi−1), such that (σ , σ1, . . . , σi−1, σ ji ) is an i-arc of S(i), for j = 1, 2, . . . , r˜−1.
σ is called the center of S and is denoted as CΣ (S). A (3, 2)-star is given in Fig. 1.
Remark 2.1. As an l-arc may contain cycles, the graph spanned by the edges of an (r, l)-star does not always have the tree-
like structure. An instance can be seen in Example 6.1.
For any (r˜, l)-star S ofΣ and a positive integer s ≤ l, it is not difficult to see that S(s) is an (r˜, s)-star ofΣ . Denote by XS
the set-wise stabilizers of S in X . Then XS also acts on S(s). We say that S is (XS, s)-rank-transitive if the action of XS on S(s)
is transitive.
Let S and T be two (r˜, l)-stars of Σ with centers σ and τ , respectively. Then (S, T ) is called an (r˜, l)-double-star of Σ
(see Fig. 1) if (σ , τ ) ∈ S(1), (τ , σ ) ∈ T (1) and either l = 1 or the following two conditions hold:
(1) For any l-arc (σ , τ , τ1, . . . , τl−1) of S with the first arc (σ , τ ), (τ , τ1, . . . , τl−1) is an (l− 1)-arc of T (l− 1).
(2) For any l-arc (τ , σ , σ1, . . . , σl−1) of T with the first arc (τ , σ ), (σ , σ1, . . . , σl−1) is an (l− 1)-arc of S(l− 1).
LetΘ be a set of (r˜, l)-double-stars ofΣ .Θ is said to be self-paired if (T , S) ∈ Θ for any (S, T ) ∈ Θ . Let V (Θ) := {S, T |
(S, T ) ∈ Θ} and E(Θ) := {{S, T }|(S, T ) ∈ Θ}. For any positive integer s ≤ l, we say that Θ is (X, s)-rank-transitive if X is
transitive on bothΘ and V (Θ) and XS acts transitively on S(s) for any S ∈ V (Θ).
The following example shows that Θ is not necessarily self-paired even if it is (X, s)-rank-transitive for some integer
s ≥ 1.
Example 2.1. An (X, s)-arc-transitive graphΣ is said to be (X, s)-arc-regular if |X | = |Arcs(Σ)|. A cubic (X, 2)-arc-regular
graphΣ is said to be of type X22 if any 3-arc ofΣ cannot be reversed by any x ∈ X (see [1]). In this case,
Θ := {({(σ , σ1), (σ , τ )}, {(τ , σ ), (τ , τ1)})|(σ1, σ , τ , τ1) ∈ Arc3(Σ)}
is a set of (X, 1)-rank-transitive (2, 1)-double-stars ofΣ which is not self-paired.
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Fig. 1. A (3, 2)-star and a (3, 2)-double-star.
Now it is ready to state our main result.
Theorem 2.2. Let Σ be a finite X-symmetric graph of valency b˜ ≥ 2 and Θ a self-paired (X, s)-rank-transitive set of (r˜, l)-
double-stars of Σ such that XS ∩ XCΣ (T ) = XT ∩ XCΣ (S) for some (S, T ) ∈ Θ , where l ≥ s ≥ 1 and b˜ > r˜ ≥ 1. Then there exists
a finite (X, s)-arc-transitive graph Γ admitting a nontrivial X-invariant partition B of V (Γ ) with d = 1 and r = r˜ such that
ΓB ∼= Σ but Γ is not a multicover of ΓB .
Conversely, suppose Γ is a finite (X, s)-arc-transitive graph admitting a nontrivial X-invariant partition B of V (Γ ) with
d = 1 such that Γ is not a multicover of ΓB . Then there exists a self-paired (X, s)-rank-transitive set Θ of (r, l)-double-stars of
ΓB such that XS ∩ XCΓB (T ) = XT ∩ XCΓB (S) for any (S, T ) ∈ Θ , where l ≥ s ≥ 1.
3. A construction of imprimitive graphs
In this section, we give the following method for constructing a class of imprimitive X-symmetric graphs from given
quotient graphs.
Construction 3.1. Let Σ be a finite X-symmetric graph of valency b˜ ≥ 2 and Θ a self-paired (X, s)-rank-transitive set of
(r˜, l)-double-stars ofΣ , where r˜ , s and l are positive integers with r˜ ≤ b˜− 1 and s ≤ l. Then the double-star graphΠ(Σ,Θ)
ofΣ with respect toΘ is defined to have vertex set V (Θ) = {S, T |(S, T ) ∈ Θ} and edge set E(Θ) = {{S, T }|(S, T ) ∈ Θ}.
Remark 3.1. The construction described above is inspired by the 3-arc graph construction (see [9]). When l = 1, r˜ = b˜− 1
andΣ is (X, 2)-arc-transitive, one can check thatΠ is isomorphic to a 3-arc graph ofΣ . It can also be seen as a generalization
of several existing constructing methods. For example, when l = 1, it is the double star graph construction defined in [5].
And when r˜ = 1, which implies l = 1, it becomes the arc graph construction (see [4]).
Lemma 3.2. Π := Π(Σ,Θ) is a finite X-symmetric graph with arc set Θ .
The following Lemma shows thatΠ is imprimitive,Σ is isomorphic to a quotient graph ofΠ andΠ is not a multicover
of that quotient.
Lemma 3.3. For any σ ∈ V (Σ), let Vσ := {S ∈ V (Θ)|CΣ (S) = σ }. Then S := {Vσ |σ ∈ V (Σ)} is a nontrivial X-invariant
partition of V (Π) with r = r˜ such that ΠS ∼= Σ andΠ is not a multicover of ΠS .
Proof. For any σ ∈ V (Σ) and x ∈ X , one can check that V xσ = Vσ x , so S is X-invariant. Let (S, T ) ∈ Θ with CΣ (S) = σ and
CΣ (T ) = τ . Since r˜ ≤ b˜ − 1, there exists some γ ∈ Σ(σ ) such that (σ , γ ) ∉ S(1). As Σ is X-symmetric, there must exist
some x ∈ Xσ such that (σ , τ )x = (σ , γ ). Then Sx ≠ S as (σ , γ ) ∈ Sx(1) \ S(1), and {Sx, S} ⊆ Vσ as x ∈ Xσ . Note T ∈ V \ Vσ ,
so S is nontrivial. Therefore,Π is a finite X-symmetric graph and S is a nontrivial X-invariant partition of V (Π).
Clearly, the mapping: δ → Vδ ∈ S, for δ ∈ V (Σ), is a bijection between V (Σ) and V (ΠS). On one hand, for any two
adjacent vertices σ1, τ1 of Σ , as Σ is X-symmetric, there exists some x ∈ X such that (σ1, τ1) = (σ , τ )x. So Sx ∈ Vσ1 and
T x ∈ Vτ1 are adjacent inΠ , and hence Vσ1 and Vτ1 are adjacent inΠS . On the other hand, for any two adjacent vertices Vσ1
and Vτ1 ofΠS , there exists some S1 ∈ Vσ1 and T1 ∈ Vτ1 such that (S1, T1) ∈ Θ . Then (σ1, τ1) ∈ S1(1) is an arc of Σ . By the
analysis above,Σ ∼= ΠS .
For any (σ , δ) ∈ S(1), as S is (XS, s)-rank-transitive, there exists some x ∈ XS such that (σ , δ) = (σ , τ )x. Then
(S, T x) = (Sx, T x) ∈ Θ . Therefore, S is adjacent to T x ∈ Vδ , andhenceVδ ∈ ΠS(S). Conversely, for anyblockVδ ofΠS(S), there
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exists some R ∈ Vδ such that (S, R) ∈ Θ . Then δ is the center of R. By the definition of an (r˜, l)-double-star, (σ , δ) ∈ S(1).
This shows that the mapping:
(σ , δ) → Vδ ∈ ΠS(S), for (σ , δ) ∈ S(1),
is a bijection between S(1) andΠS(S). So r = |ΠS(S)| = |S(1)| = r˜ is a positive integer no more than b− 1, and thusΠ is
not a multicover ofΠS . 
The following theorem tells us whenΠ is (X, s)-arc-transitive.
Theorem 3.4. In Construction 3.1, if XS ∩ XCΣ (T ) = XT ∩ XCΣ (S) for any (S, T ) ∈ Θ , then d = 1 andΠ is (X, s)-arc-transitive.
Proof. Let σ = CΣ (S) and τ = CΣ (T ). For any R ∈ Vτ adjacent to S, asΠ is X-symmetric, there exists some x ∈ X such that
(Sx, T x) = (S, R). As T and R have the same center τ , x ∈ XS ∩ Xτ = XT ∩ Xσ ≤ XT , thus R = T x = T , and so d = 1.
Let (S0, S1, . . . , Ss) be an s-arc of Π . Then (Si−1, Si) ∈ Θ for i = 1, 2, . . . , s; and Si−1 ≠ Si+1 for i = 1, 2, . . . , s − 1.
Denote by σi the center of Si inΣ , for i = 0, 1, . . . , s. By the definition of an (r˜, l)-double-star, (σi−1, σi) ∈ Si−1(1), thus σi−1
is adjacent to σi inΣ , for i = 1, 2, . . . , s.
If σi−1 = σi+1, for some 1 ≤ i ≤ s − 1, then Si+1 ∈ Vσi+1 = Vσi−1 , and thus Si ∈ Vσi is adjacent to both Si−1 and Si+1 in
Π[Vσi−1 , Vσi ], which contradicts d = 1. So σi−1 ≠ σi+1 for i = 1, 2, . . . , s. Hence (σ0, σ1, . . . , σs) is an s-arc ofΣ .
Note that (σs−1, σs) ∈ Ss−1(1). Inductively, assume (σs−i, σs−i+1, . . . , σs) ∈ Ss−i(i) for some integer i such that 1 ≤ i ≤
s− 1. As (σs−i, σs−i+1, . . . , σs) ∈ Ss−i(i) and σs−i−1 ≠ σs−i+1, by the definition of an (r˜, l)-double-star, we have
(σs−i−1, σs−i, σs−i+1, . . . , σs) ∈ Ss−i−1(i+ 1).
It follows from induction that (σ0, σ1, . . . , σs) ∈ S0(s).
For any s-arc (L0, L1, . . . , Ls) of Π starting from L0 = S0, denote by γi the center of Li, for i = 0, 1, . . . , s. Then by the
analysis above, γ0 = σ0 and (γ0, γ1, . . . , γs) ∈ L0(s) = S0(s). As S0 is (XS0 , s)-rank-transitive, there exists some x ∈ XS0 such
that (σ0, σ1, . . . , σs)x = (γ0, γ1, . . . , γs). Note Sx0 = S0 = L0. For any integer i such that 1 ≤ i ≤ s and Sxi−1 = Li−1, if Sxi ≠ Li,
as σ xi = γi, then Li−1 is adjacent to both Li and Sxi in Vγi , contradicting d = 1. Thus Sxi = Li for i = 0, 1, . . . , s. Again asΠ is
X-symmetric,Π is (X, s)-arc-transitive. 
Remark 3.2. In Theorem 3.4, further assume that r˜ = 2. ThenΠ is a union of cycles.
4. An approach to imprimitive symmetric graphs
Let Γ be a finite X-symmetric graph and B and B1 two X-invariant partitions of V (Γ ). B1 is said to be a refinement of
B, denoted as B ≥ B1, if for any B1 ∈ B1, there exists some B ∈ B such that B1 ⊆ B. Denote by B > B1 when B1 is a
proper refinement ofB, that is,B ≥ B1 butB ≠ B1. WhenB ≥ B1, letB/B1 := {{B1 ∈ B1|B1 ⊆ B}|B ∈ B}. ThenB/B1
is an X-invariant partition of V (ΓB1) such that (ΓB1)B/B1 ∼= ΓB .
Let σ be a vertex of Γ . Denote by B(σ ) the block ofB containing σ . For any positive integer l, let
Arcl(ΓB, σ ) := {(B(σ ), B(σ1), . . . , B(σl)) ∈ Arcl(ΓB)|(σ , σ1, . . . , σl) ∈ Arcl(Γ )}.
Then Arc1(ΓB, σ ) = {(B(σ ), C)|C ∈ ΓB(σ )} is an (r, 1)-star of ΓB , where r = |ΓB(σ )|. Let Θ1 := {(Arc1(ΓB, δ), Arc1
(ΓB, γ ))|{δ, γ } ∈ E(Γ )}. Then Θ1 is a self-paired (X, 1)-rank-transitive set of (r, 1)-double-stars of ΓB . Clearly, B1 :=
{{δ ∈ V (Γ )|Arc1(ΓB, δ) = Arc1(ΓB, σ )}|σ ∈ V (Γ )} is an X-invariant partition of V (Γ ) such thatB ≥ B1.
We use G to denote the set of triples (Γ , X,B) such that Γ is a finite X-symmetric graph, B is a nontrivial X-invariant
partition of V (Γ ) and Γ is not a multicover of ΓB . Then for any (Γ , X,B) ∈ G, by Jia et al. [5], B > B1 ≥ 1, (ΓB1 , X,
B/B1) ∈ G and ΓB1 ∼= Π(ΓB,Θ1). Let p(Γ , X,B1) = (v1, k1, r1, b1, d1). Then counting gives that v1|(v, k), r|(r1, b1), d1|d,
v1r1 = b1k1, r1d1 = rd = val(Γ ), where (v, k) is the greatest common divisor of v and k and val(Γ ) is the valency of Γ .
Moreover, p(ΓB1 , X,B/B1) = (v/v1, k/v1, r, b, b1/r).
If B1 is nontrivial and Γ is not a multicover of ΓB1 , we can apply the above process on B1 and get a proper refinement
B2 ofB1, and so on. Then we have the following theorem.
Theorem 4.1. Let (Γ , X,B) ∈ G,B0 := B and
Bi+1 := {{δ ∈ V (Γ )|Arc1(ΓBi , δ) = Arc1(ΓBi , σ )}|σ ∈ V (Γ )}
for i = 0, 1, . . .. Then there exists a unique integer m ≥ 1 such that
B = B0 > B1 > · · · > Bm = Bm+1 = · · ·
is a chain of X-invariant partitions of V (Γ ). Let p(Γ , X,Bi) = (vi, ki, ri, bi, di) for i = 0, 1, . . .. Then the following statements
hold:
(1) (Γ , X,Bi) ∈ G, vi ≥ 2 and 1 ≤ ki ≤ vi − 1 for i = 0, 1, . . . ,m− 1.
(2) vi+1|(vi, ki), ri|(ri+1, bi+1), di+1|di, viri = biki and ridi = val(Γ ) for i = 0, . . . ,m.
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(3) Θi+1 := {(Arc1(ΓBi , σ ), Arc1(ΓBi , τ ))|{σ , τ } ∈ E(Γ )} is a self-paired (X, 1)-rank-transitive orbit of (ri, 1)-double-stars of
ΓBi such that ΓBi+1 ∼= Π(ΓBi ,Θi+1) for i = 0, 1, . . . ,m− 1.
(4) (ΓBj , X,Bi/Bj) ∈ G with parameters (vi/vj, ki/vj, ri, bi, bj/ri) such that (ΓBj)Bi/Bj ∼= ΓBi , for 0 ≤ i < j ≤ m.
(5) Either of the following two cases occurs:
(5.1) vm = km = 1,Bm is trivial and Γ ∼= Π(ΓBm−1 ,Θm).
(5.2) vm = km ≥ 2,Bm is a nontrivial X-invariant partition of V (Γ ), such that Γ is a multicover of ΓBm .
Remark 4.1. Let (v, k) = pn11 · · · pntt , where ni is a positive integer for i = 1, . . . , t and p1 < · · · < pt are primes. Then
1 ≤ m ≤∑ti=1 ni + 1.
Let Bl(σ ) := {δ ∈ B(σ )|Arcl(ΓB, δ) = Arcl(ΓB, σ )}. Then for any positive integer l, B l := {Bl(σ )|σ ∈ V (Γ )} is an
X-invariant partition of V (Γ ) and the actions of X on Vl := {Arcl(ΓB, δ)|δ ∈ V (Γ )} and that on B l are permutationally
equivalent under the bijection from Vl toB l:
Arcl(ΓB, δ) → Bl(δ) ∈ B l, for Arcl(ΓB, δ) ∈ Vl.
The following theorem shows that the subset Arcl(ΓB, σ ) of l-arcs ofΓB corresponds to a block ofBl defined in Theorem 4.1.
Theorem 4.2. B l = Bl for any integer l ≥ 1.
Proof. For any vertex σ of Γ , denote by Bl(σ ) the block of Bl containing σ . Clearly, B1 = B1. Inductively, suppose that
B l = Bl holds for some integer l ≥ 1. For any vertex δ of Γ , Arcl+1(ΓB, δ) = Arcl+1(ΓB, σ ) if and only if Arcl(ΓB, δ) =
Arcl(ΓB, σ ) and for any σ1 ∈ Γ (σ ) there exists δ1 ∈ B(σ1) ∩ Γ (δ) so that Arcl(ΓB, δ1) = Arcl(ΓB, σ1). In other words,
Bl(δ) = Bl(σ ) and ΓBl(δ) = ΓBl(σ ). SinceB l = Bl, σ and δ are in the same block ofB l+1 if and only if they are in the same
block ofBl and they have the same neighbors in ΓBl . By the definition ofBl+1, the latter condition is satisfied if and only if
σ and δ are in the same block ofBl+1. It follows thatB l+1 = Bl+1. Therefore, the statement of the theorem holds for l+ 1
and hence by induction for all integers l ≥ 1. 
For any σ ∈ V (Γ ), Arcl(ΓB, σ ) is a set of l-arcs starting from B(σ ). When l = 1, it is an (r, 1)-star of ΓB . However,
things may be different when l ≥ 2. The following lemma gives a sufficient and necessary condition for Arcl(ΓB, σ ) to be an
(r, l)-star of ΓB for any l ≥ 1.
Lemma 4.3. Let Γ be a finite X-symmetric graph, B an X-invariant partition of V (Γ ) with b ≥ 1, σ a vertex of Γ and l ≥ 1
an integer. Then Arcl(ΓB, σ ) is an (r, l)-star of ΓB if and only if d = dl−1.
Proof. The statement is trivial for l = 1. Suppose it holds for some l ≥ 1. Then Arcl+1(ΓB, σ ) is an (r, l + 1)-star of ΓB if
and only if for any τ ∈ Γ (σ ) and any δ ∈ Γ (σ ) ∩ B(τ ), both of the following conditions hold:
(i) Arcl(ΓB, δ) = Arcl(ΓB, τ ).
(ii) Arcl(ΓB, τ ) is an (r, l)-star of ΓB .
According to Theorem 4.2 and the definition of B l, (i) holds if and only if δ ∈ Bl(τ ). By the arbitrariness of τ ∈ Γ (σ ) and
δ ∈ Γ (σ ) ∩ B(τ ), this happens if and only if Γ (σ ) ∩ B(τ ) = Γ (σ ) ∩ Bl(τ ), that is, d = dl.
By the induction hypothesis, (ii) holds if and only if d = dl−1. Note dl|dl−1 and dl−1|d, so the lemma holds for l + 1 and
hence for all l ≥ 1. 
The following theorem allows us to reconstruct ΓBl from ΓB and some (r, l)-double-stars of ΓB .
Theorem 4.4. Let (Γ , X,B) ∈ G be such that d = dl−1. Then
Θ l := {(Arcl(ΓB, σ ), Arcl(ΓB, τ ))|{σ , τ } ∈ E(Γ )}
is a set of self-paired (X, 1)-rank-transitive (r, l)-double-stars of ΓB such that ΓBl ∼= Π(ΓB,Θ l).
Proof. For any two adjacent vertices σ and τ of Γ , by Lemma 4.3, both Arcl(ΓB, σ ) and Arcl(ΓB, τ ) are (r, l)-stars of ΓB as
d = dl−1. One can check that Θ l is a self-paired set of (X, 1)-rank-transitive (r, l)-double-stars of ΓB . By Theorem 4.2, the
mapping Bl(δ) → Arcl(ΓB, δ), for δ ∈ V (Γ ), is a bijection between ΓBl andΠ(ΓB,Θ l). So ΓBl ∼= Π(ΓB,Θ l). 
The following theorem will be needed in the proof of Theorem 2.2.
Theorem 4.5. Let (Γ , X,B) ∈ G, (σ , τ ) an arc of Γ and l ≥ m an integer. Then XArcl(ΓB ,σ ) ∩ XB(τ ) = XArcl(ΓB ,τ ) ∩ XB(σ ) if and
only if d = dm.
Proof. Let x be any element of XBm+1(σ ) ∩ XB(τ ). Then σ x ∈ Bm+1(σ ) is adjacent to τ x ∈ B(τ ). By the definition of Bm+1,
there exists some γ ∈ Bm(τ ) adjacent to σ x. So τ x ∉ Bm(τ ), that is, x ∉ XBm(τ ) ∩ XB(σ ) if and only if d ≠ dm. This means that
d = dm if and only if XBm+1(σ ) ∩ XB(τ ) ⊆ XBm(τ ) ∩ XB(σ ). By Theorem 4.1, Bm+1 = Bm. Note XBm(σ ) ∩ XB(τ ) and XBm(τ ) ∩ XB(σ )
are conjugate under z ∈ X which reverses (σ , τ ), so we have d = dm if and only if XBm(σ ) ∩ XB(τ ) = XBm(τ ) ∩ XB(σ ). By
Theorems 4.1 and 4.2, the theorem follows. 
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5. Proof of Theorem 2.2
Let Σ be a finite X-symmetric graph of valency b˜ ≥ 2. Suppose there exists a self-paired (X, s)-rank-transitive set Θ
of (r˜, l)-double-stars of Σ such that XS ∩ XCΣ (T ) = XT ∩ XCΣ (S) for some (S, T ) ∈ Θ , where l ≥ s ≥ 1 and b˜ > r˜ ≥ 1.
Let Γ := Π(Σ,Θ), and B := S, where S is defined in Lemma 3.3. Then by Lemma 3.3 and Theorem 3.4, the first part of
Theorem 2.2 holds.
Now we show the second part. Let (Γ , X,B) ∈ G with d = 1 such that Γ is (X, s)-arc-transitive. Let l = max{m, s}.
Then by Theorem 4.1, dl−1|d and so dl−1 = d = 1. And by Theorem 4.4,Θ := Θ l is a set of self-paired (X, 1)-rank-transitive
(r, l)-double-stars of ΓB .
For any arc (σ , τ ) of Γ , let S := Arcl(ΓB, σ ) and T := Arcl(ΓB, τ ). Then (S, T ) ∈ Θ , CΓB (S) = B(σ ) and CΓB (T ) = B(τ ).
By Theorem 4.5, we have XS ∩ XCΓB (T ) = XT ∩ XCΓB (S).
Let (B(σ ), B(σ1), . . . , B(σs)) and (B(σ ), B(δ1), . . . , B(δs)) be two s-arcs of S(s), where (σ , σ1, . . . , σs) and (σ , δ1, . . . , δs)
are two s-arcs of Γ . As Γ is (X, s)-arc-transitive, there exists some x ∈ Xσ ≤ XBm(σ ) such that δxi = σi for i = 1, . . . , s, and
hence (B(σ ), B(σ1), . . . , B(σs)) = (B(σ ), B(δ1), . . . , B(δs))x. By Theorem 4.1, Bm(σ ) = Bl(σ ) as m ≤ l. By the analysis in
and above Theorem 4.2, XBl(σ ) = XS . So x ∈ XS and henceΘ is (X, s)-rank-transitive.
6. Examples
In this section, we give several examples to show the construction of an imprimitive (X, s)-arc-transitive graphΠ from
stars and double-stars of an X-symmetric graphΣ such thatΠ has a quotient graph isomorphic toΣ but is not amulticover
of that quotient, where s is a positive integer.
For any integer n ≥ 1, let [n] := {1, 2, . . . , n}. Let V1 = {σi|i ∈ [n]} and V2 = {τi|i ∈ [n]} be two disjoint sets of vertices.
The first example shows that a finite (X, 3)-arc-transitive graph may admit an (X, 2)-arc-transitive quotient that is not
(X, 3)-arc-transitive. Note the stars defined below do not have the tree-like structure as they contain cycles.
Example 6.1. For any integer n ≥ 3, denote by K2n the complete graph of vertex set V1∪V2. Let X = Aut(K2n) ∼= Sym([2n]).
Then K2n is (X, 2)-arc-transitive but not (X, 3)-arc-transitive. Let
S = {(σ1, τi, σj, τk)|i ∈ [n], j ∈ [n] \ {1}, k ∈ [n] \ {i}},
T = {(τ1, σi, τj, σk)|i ∈ [n], j ∈ [n] \ {1}, k ∈ [n] \ {i}}
andΘ = {(S, T )x|x ∈ X}. ThenΘ is a self-paired set of (X, 3)-rank-transitive (n, 3)-double-stars of K2n. LetΠ = Π(K2n,Θ),
B = {Sx|x ∈ Xσ1} andB = {Bx|x ∈ X}. Then (Π, X,B) ∈ Gwithm = 1 and (v, k, r, b, d) =

2n−1
n

,

2n−2
n−1

, n, 2n−1, 1

.
MoreoverΠ ∼= 12

2n
n

Kn,n is (X, 3)-arc-transitive of order 2n

2n−1
n

.
For any integer n ≥ 3 and 1 ≤ m ≤ n, let [n](m) be the set ofm-subsets of [n]. Then the odd graph On (see [1]) is defined
to have vertex set [2n− 1](n−1) such that two vertices are adjacent if and only if the corresponding subsets are disjoint.
For any connected (X, 3)-arc-transitive graph Σ of valency no less than three, it has been given in Corollary 4.8 of [10]
thatΣ is a quotient of at least one connected X-symmetric but not (X, 2)-arc-transitive graph. Now the following example
will show thatΣ may also be a quotient of an (X, 2)-arc-transitive graph.
Example 6.2. Let X = A7 < Aut(O4). Then O4 is (X, 3)-arc-transitive (see [6]). For the sake of convenience, we use {ijk} to
denote the subset {i, j, k} of {1, 2, . . . , 7}. Set
S :=

({123}, {456}, {127})
({123}, {456}, {137})
({123}, {457}, {126})
({123}, {457}, {136})
({123}, {567}, {124})
({123}, {567}, {134})
 ; T :=

({456}, {123}, {457})
({456}, {123}, {567})
({456}, {127}, {345})
({456}, {127}, {356})
({456}, {137}, {245})
({456}, {137}, {256})
 .
LetΘ = {(S, T )x|x ∈ X}. ThenΘ is a self-paired (X, 2)-rank-transitive orbit of (3, 2)-double-stars ofO4. LetΠ = Π(O4,Θ),
B = {Sx|x ∈ X{123}} and B = {Bx|x ∈ X}. Then (Π, X,B) ∈ G with m = 2, (v, k, r, b, d) = (12, 9, 3, 4, 1) and
(v1, k1, r1, b1, d1) = (3, 1, 3, 9, 1). Moreover,Π is (X, 2)-arc-transitive of order 420.
For any finite group X and any x ∈ X , denote by x¯ the right regular representation of x. For any subgroup G of X , let
G¯ = {g¯|g ∈ G} ≤ X¯ .
Example 6.3. For any prime p ≥ 11 such that p ≡ ±1 (mod 8), let X = PSL(2, p), and H the subgroup of X isomorphic to
Sym([4]). By Li et al. [8], there exists an involution z ∈ X \H such that NX (P) = P × ⟨z⟩, where P = H ∩Hz ∼= Sym([3]). Let
Σ = Cos(X,H,HzH). Then Σ is a finite (X¯, 2)-arc-transitive graph of valency 4. Let [H : P] = {Ph0, Ph1, Ph2, Ph3}, where
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h0 = 1. Then Qi := P ∩ Phi , for i = 1, 2, 3 are the only three subgroups of P isomorphic to Z2. Since z ∈ NX (P), z fixes
{Q1,Q2,Q3} set-wise by conjugation. Note z is an involution, so z belongs to at least one of NX (Qi), for i = 1, 2, 3. Without
loss of generality, suppose Q z3 = Q3. Let
S = {(H,Hzhi,Hzhjzhi)|i ∈ {0, 1, 2}, j ∈ {1, 2}}.
Then Θ := {(S, S z¯)x¯|x¯ ∈ X¯} is a self-paired (X¯, 2)-rank-transitive orbit of (3, 2)-double-stars of Σ . Let Π = Π(Σ,Θ),
B = {S h¯|h ∈ H} and B = {Bx¯|x ∈ X}. Then (Π, X¯,B) ∈ G with m = 1 and (v, k, r, b, d) = (4, 3, 3, 4, 1). Moreover, Π is
(X¯, 2)-arc-transitive.
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